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A COMPARISON THEOREM FOR MW-MOTIVIC
COHOMOLOGY
BAPTISTE CALMÈS AND JEAN FASEL
Abstract. Let k be an infinite perfect field. We prove that Hn,n
MW
(Spec(L),Z) =
KMW
n
(L) for any finitely generated field extension L/k and any n ∈ Z.
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Introduction
This paper is the fourth of a series of papers ([1], [2] and [4]) devoted to the
study of MW-motivic cohomology, which is a generalization of ordinary motivic
cohomology. Our main purpose here is to compute the MW-motivic cohomology
group of a field in bidegree (n, n), namely the group Hn,nMW(L,Z). In [2, Theorem
4.2.3], we defined a graded ring homomorphism
Φ : KMW∗ →
⊕
n∈Z
H
n,n
MW
where the left-hand side is the unramified Milnor-Witt K-theory sheaf constructed
in [7, §3] and the right-hand side is the Nisnevich sheaf associated to the presheaf
U 7→ Hn,nMW(U,Z). The homomorphism Φ is obtained via a morphism of sheaves
G∧nm → H
n,n
MW and the right-hand side has the property to be strictly A
1-invariant
[2, Proposition 1.2.11, Theorem 3.2.9]. It follows that Φ is then the universal
morphism described in [7, Theorem 3.37]. In this article, we prove that Φ is an
isomorphism. This can be checked on finitely generated field extensions of the base
field k ([7, Theorem 1.12]) and thus our main theorem takes the following form.
2010 Mathematics Subject Classification. Primary: 11E70, 13D15, 14F42, 19E15, 19G38; Sec-
ondary: 11E81, 14A99, 14C35, 19D45.
Key words and phrases. Finite correspondences, Milnor-Witt K-theory, Chow-Witt groups,
Motivic cohomology.
The first author acknowledges the support of the French Agence Nationale de la Recherche
(ANR) under reference ANR-12-BL01-0005.
1
2 BAPTISTE CALMÈS AND JEAN FASEL
Theorem. Let L/k be a finitely generated field extension with char(k) 6= 2. Then,
the homomorphism of graded rings
ΦL :
⊕
n∈Z
KMWn (L)→
⊕
n∈Z
Hn,nMW(L,Z).
is an isomorphism.
The isomorphism in the theorem generalizes the result on (ordinary) motivic
cohomology in the sense that the diagram commutes⊕
n∈ZK
MW
n (L)
ΦL
//

⊕
n∈ZH
n,n
MW(L,Z)
⊕
n∈NK
M
n (L)
//
⊕
n∈NH
n,n(L,Z)
where the vertical homomorphisms are the “forgetful” homomorphisms and the
bottom map is the isomorphism produced by Nesterenko-Suslin-Totaro. Unsurpris-
ingly, our proof is very similar to theirs but there are some essential differences.
For instance, the complex in weight one, denoted by Z˜(1), admits an epimorphism
to KMW1 paralleling the epimorphism Z(1) → K
M
1 . However, we are not able to
prove directly that the kernel of the epimorphism Z˜(1)→ KMW1 is acyclic. We are
thus forced to compute by hand its cohomology at the right spot in Proposition 2.6.
This result being obtained, we then prove that Φ respects transfers for finitely gen-
erated field extensions. This is obtained in Theorem 2.8 using arguments essentially
identical to [6, Lemma 5.11] or [8, Lemma 9.5].
The paper is organized as follows. In Section 1, we review the basics of MW-
motivic cohomology needed in the paper, adding useful results. For instance, we
prove a projection formula in Theorem 1.4 which is interesting on its own. In Section
2, we proceed with the proof of our main theorem, starting with the construction
to a left inverse of Φ. We then pass to the proof that Φ is an isomorphism in degree
1, which is maybe the most technical result of this work. As already mentioned
above, we then conclude with the proof that Φ respects transfers, obtaining as a
corollary our main result.
Conventions. The schemes are separated of finite type over some perfect field k
with char(k) 6= 2. If X is a smooth connected scheme over k, we denote by ΩX/k the
sheaf of differentials of X over Spec(k) and write ωX/k := detΩX/k for its canonical
sheaf. In general we define ωX/k connected component by connected component.
We use the same notation if X is the localization of a smooth scheme at any point.
If k is clear from the context, we omit it from the notation. If f : X → Y is a
morphism of (localizations of) smooth schemes, we set ωf = ωX/k ⊗ f
∗ω∨Y/k. If X
is a scheme and n ∈ N, we denote by X(n) the set of codimension n points in X .
1. MW-motivic cohomology
The general framework of this article is the category of finite MW-correspondences
as defined in [1, §4]. We briefly recall the construction of this category for the
reader’s convenience. If X and Y are smooth connected schemes over k, we say
that a closed subset T ⊂ X×Y is admissible if its irreducible components (endowed
with their reduced structure) are finite and surjective over X . The set A(X,Y ) of
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admissible subsets of X × Y can be ordered by inclusions, and we can consider it
as a category. For any T ∈ A(X,Y ), we can consider the Chow-Witt group
C˜H
dY
T (X × Y, ωY )
where dY is the dimension of Y and ωY = p
∗
Y ωY/k with pY : X × Y → Y the
projection. If T ⊂ T ′ for two admissible subsets, then we consider the extension of
support homomorphism
C˜H
dY
T (X × Y, ωY )→ C˜H
dY
T ′ (X × Y, ωY )
and set C˜ork(X,Y ) = limT∈A(X,Y ) C˜H
dY
T (X × Y, ωY ). The composition of finite
MW-correspondences is obtained using the product of cycles in Chow-Witt groups
with supports ([1, §4.2]) and we obtain the category C˜ork whose objects are smooth
schemes and morphisms are C˜ork(X,Y ). The exterior product endows C˜ork with
the structure of a symmetric monoidal category.
Having this category at hand, we may define the category of MW-presheaves
P˜Shk as the category of additive functors C˜ork → Ab. For any smooth scheme X ,
we can define the presheaf c˜(X) by Y 7→ C˜ork(Y,X) for any Y and thus obtain the
Yoneda embedding functor c˜(_) : C˜ork → P˜Shk. The category P˜Shk is a symmetric
monoidal category, with tensor product ⊗ uniquely defined by the property that
the Yoneda embedding is monoidal, i.e. we have c˜(X)⊗ c˜(Y ) = c˜(X×Y ). One can
also define an internal Hom functor Hom which is characterized by the property
that Hom(c˜(X), F ) = F (X ×_) for any F ∈ P˜Shk.
Recall next that we have a functor γ˜ : Smk → C˜ork which is the identity on
objects and associates to a morphism of schemes the finite MW-correspondence
described in [1, §4.3] (which is basically the graph). This yields a functor γ˜∗ :
P˜Shk → PShk where the latter is the category of presheaves (of abelian groups)
on Smk. As usual, we say that a presheaf with MW-transfer F is a sheaf in a
topology τ , and we write that F is a τ -sheaf with MW-transfers, if γ˜∗(F ) is a sheaf
in this topology. Usually, we consider either the Zariski or the Nisnevich topology
on Smk. Interestingly, the representable presheaves c˜(X) are Zariski sheaves with
MW-transfers ([1, Proposition 5.11]) but not Nisnevich sheaves with transfers ([1,
Example 5.12]). However, one can show that the sheaf associated to F ∈ P˜Shk can
be endowed with a (unique) structure of a sheaf with MW-transfers ([2, Proposition
1.2.11]). Note that it is easy to check that if F is a τ -sheaf with MW-transfers,
then Hom(c˜(X), F ) is also a τ -sheaf with MW-transfers.
1.1. Motivic cohomology. Let Z˜{1} be the Zariski sheaf with MW-transfers
which is the cokernel of the morphism
c˜(k)→ c˜(Gm,k)
induced by the unit in Gm,k. For any q ∈ Z, we consider next the Zariski sheaf
with MW-transfer Z˜{q} defined by
Z˜{q} =
{
Z˜{1}⊗q if q ≥ 0.
Hom(Z˜{1}⊗q, c˜(k)) if q < 0.
Let now ∆• be the cosimplicial object whose terms in degree n are
∆n = Spec(k[t0, . . . , tn]/(
∑
ti − 1))
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and with usual face and degeneracy maps. For any presheaf F ∈ P˜Shk, we obtain
a simplicial presheaf Hom(c˜(∆•), F ) whose associated complex of presheaves with
MW-transfers is denoted by Csing∗ (F ). If F is further a τ -sheaf with MW-transfers,
then Csing∗ F is a complex of sheaves with MW-transfers. In particular, Z˜(q) :=
Csing∗ Z˜{q} is such a complex and we have the following definition.
Definition 1.1. For any p, q ∈ Z and any smooth scheme X , we set
Hp,qMW(X,Z) = H
p
Zar(X, Z˜(q)).
Remark 1.2. In [2, §3.2.13, Definition 3.3.5], the motivic cohomology groups are
defined using the complexes associated to the simplicial Nisnevich sheaves with
MW-transfers constructed from the Nisnevich sheaves with transfers associated to
the presheaves Z˜(q). The two definitions coincide by [4, Corollary 4.0.5].
The complexes Csing∗ Z˜(q) are in fact complexes of Zariski sheaves of K
MW
0 (k)-
modules ([1, §5.3]), and it follows that the MW-motivic cohomology groups are
indeed KMW0 (k)-modules. These modules are by construction contravariantly func-
torial in X . Moreover, for any p, q ∈ Z, we have a homomorphism of KMW0 (k)-
modules
Hp,qMW(X,Z)→ H
p,q(X,Z)
where the latter denotes the ordinarymotivic cohomology group ofX , withHp,q(X,Z) =
0 for q < 0 and the KMW0 (k)-module structure on the right-hand side is obtained
via the rank homomorphism KMW0 (k)→ Z ([1, §6.1]).
Even thoughMW-motivic cohomology is defined a priori only for smooth schemes,
it is possible to extend the definition to limits of smooth schemes, following the usual
procedure (described for instance in [1, §5.1]). In particular, we can consider MW-
motivic cohomology groups Hp,qMW(L,Z) for any finitely generated field extension
L/k. We will use this routinely in the sequel without further comments.
1.2. The ring structure. The definition of MW-motivic cohomology given in [2,
Definition 3.3.5] immediately yields a (bigraded) ring structure on MW-motivic
cohomology
Hp,qMW(X,Z)⊗H
p′,q′
MW(X,Z)→ H
p+p′,q+q′
MW (X,Z)
fulfilling the following properties.
(1) The product is (bi-)graded commutative in the sense that
Hp,qMW(X,Z)⊗H
p′,q′
MW(X,Z)→ H
p+p′,q+q′
MW (X,Z)
is (−1)pp
′
〈(−1)qq
′
〉-commutative. In particular, H0,0MW(X,Z) is central and
the KMW0 (k)-module structure is obtained via the ring homomorphism
KMW0 (k) = H
0,0
MW(k,Z)→ H
0,0
MW(X,Z).
(2) The homomorphism H∗,∗MW(X,Z) → H
∗,∗(X,Z) is a graded ring homomor-
phism.
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1.3. A projection formula. In this section, we prove a projection formula for
finite surjective morphisms having trivial relative bundles. Let then f : X → Y be
a finite surjective morphism between smooth connected schemes, and let χ : OX →
ωf = ωX/k ⊗ f
∗ω∨Y/k be a fixed isomorphism. Recall from [1, Example 4.17] that
we have then a finite MW-correspondence α := α(f, χ) : Y → X defined as the
composite
K
MW
0 (X) ≃ K
MW
0 (X,ωf)
f∗
→ C˜H
dX
Γ(X)(Y ×X,ωY×X/k⊗ω
∨
Y/k) ≃ C˜H
dX
Γ(X)(Y ×X,ωX)
where the first isomorphism is induced by χ, the second homomorphism is the
push-forward along the (transpose of the) graph Γf : X → Y × X and the third
isomorphism is deduced from the isomorphisms of line bundles
ωY×X/k ⊗ ω
∨
Y/k ≃ ωY ⊗ ωX ⊗ ω
∨
Y/k ≃ ωX ⊗ ωY ⊗ ω
∨
Y/k ≃ ωX
where the second isomorphism is (−1)dXdY -times the switch isomorphism.
We observe that α induces a "push-forward" homomorphism F (X)→ F (Y ) for
any F ∈ P˜Shk through the composite
F (X) = Hom
P˜Shk
(c˜(X), F )
(_)◦α
→ Hom
P˜Shk
(c˜(Y ), F ) = F (Y ).
In particular, we obtain homomorphisms
f∗ : H
p,q
MW(X,Z)→ H
p,q
MW(Y,Z)
for any p, q ∈ Z, which depend on the choice of χ.
On the other hand, f induces a finite MW-correspondence X → Y that we still
denote by f and therefore a pull-back homomorphism
f∗ : Hp,qMW(Y,Z)→ H
p,q
MW(X,Z).
We will need the following lemma to prove the projection formula.
Lemma 1.3. Let f : X → Y be a finite surjective morphism between smooth
connected schemes, and let χ : OX → ωf be an isomorphism. Let ∆X (resp. ∆Y )
be the diagonal embedding X → X ×X (resp. Y → Y × Y ). Then, the following
diagram commutes
Y
∆Y
// Y × Y
(1×α)
// Y ×X
Y
α
// X
∆X
// X ×X
f×1
// Y ×X,
i.e. (1 × α)∆Y = (f × 1)∆Xα.
Proof. It suffices to compute both compositions, and we start with the top one.
The composite of these two finite MW-correspondences is given by the commutative
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diagram
X //
Γt(∆Y ◦f)

Γt(∆Y ◦f)
// Y × Y ×X //
1×Γt(1×f)

Y ×X
Γt(1×f)

Y × Y ×X
Γ∆Y ×1×1
//

Y × Y × Y × Y ×X //

Y × Y × Y ×X //

Y ×X
Y
Γ∆Y
// Y × Y × Y //

Y × Y
Y
where the squares are Cartesian and the non-labelled arrows are projections (ver-
tically to the first factors and horizontally to the last factors). The composite is
given by the push-forward along the projection p : Y ×Y ×Y ×Y ×X → Y ×Y ×X
defined by (y1, y2, y3, y4, x) 7→ (y1, y4, x) of the product of the respective pull-backs
to Y × Y × Y × Y ×X of (Γ∆Y )∗(〈1〉) and (Γ
t
(1×f))∗(〈1〉). Using the base change
formula ([1, Proposition 3.2]), we see that it amounts to push-forward the product
(Γ∆Y × 1× 1)∗(〈1〉) · (1 × Γ
t
(1×f))∗(〈1〉).
Using the projection formula for Chow-Witt groups with supports ([1, Corollary
3.5]), the latter equals
(Γ∆Y × 1× 1)∗((Γ∆Y × 1× 1)
∗((1× Γt(1×f))∗(〈1〉)))
and the base-change formula once again shows that we have to push-forward along
p the cycle
(Γ∆Y × 1× 1)∗(Γ
t
(∆Y ◦f)
)∗(〈1〉)
Finally, the equality p ◦ (Γ∆Y × 1× 1) = id shows that the composite (1× α) ◦∆Y
is given by the correspondence (Γt(∆Y ◦f))∗(〈1〉).
For the second composite, we consider the following commutative diagram
X
Γtf
//
Γ((f×1)∆X )

Y ×X //
1×Γ((f×1)∆X )

X
Γ((f×1)∆X )

X × Y ×X
Γtf×1×1
//

Y ×X × Y ×X //

X × Y ×X //

Y ×X
X
Γtf
// Y ×X

// X
Y
where, as before, the squares are Cartesian and the non-labelled arrows are projec-
tions (vertically to the first factors and horizontally to the last factors). Arguing
as above, we find that the composite is the push-forward along the projection
q : Y ×X × Y ×X → Y × Y ×X omitting the second factor of the product
(Γtf × 1× 1)∗(〈1〉) · (1× Γ((f×1)∆X))∗(〈1〉).
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The projection and the base-change formulas show that the latter is equal to
(Γtf × 1× 1)∗(Γ((f×1)∆X))∗(〈1〉)
whose push-forward along q is (Γt(∆Y ◦f))∗(〈1〉) as
q(Γtf × 1× 1)(Γ((f×1)∆X)) = Γ
t
(∆Y ◦f)
.

Theorem 1.4 (Projection formula). Let f : X → Y be a finite surjective morphism
between smooth connected schemes, and let χ : OX → ωf be an isomorphism. For
any x ∈ Hp,qMW(X,Z) and y ∈ H
p′,q′
MW(Y,Z), we have
y · f∗(x) = f∗(f
∗y · x)
in Hp+p
′,q+q′
MW (Y,Z).
Proof. Let D˜M
eff
(k) be the category of MW-motives ([2, §3.2]). By [2, Corollary
3.3.8], we have Hp,qMW(X,Z) = HomD˜Meff (k)(M˜(X), Z˜{q}[p−q]) for any p, q ∈ Z. The
product structure on MW-motivic cohomology is obtained via the tensor product
as follows. If x and x′ are respectively in Hom
D˜M
eff
(k)
(M˜(X), Z˜{q}[p − q]) and
Hom
D˜M
eff
(k)
(M˜(X), Z˜{q′}[p′ − q′]), we can take their tensor product to get a mor-
phism x⊗ x′ in Hom
D˜M
eff
(k)
(M˜(X)⊗ M˜(X), Z˜{q} ⊗ Z˜{q′}[p+ p′ − q − q′]). Now,
M˜(X)⊗M˜(X) = M˜(X×X) and the diagonal morphism ∆X : X → X×X induces
a morphism M˜(X)→ M˜(X ×X). Composing the latter with x ⊗ x′, we obtain a
morphism x ·x′ ∈ Hom
D˜M
eff
(k)
(M˜(X), Z˜{q}⊗ Z˜{q′}[p+p′−q−q′]) which represent
the product of x and x′ (after identification of Z˜{q} ⊗ Z˜{q′} with Z˜{q + q′}).
This being said, let then x ∈ Hom
D˜M
eff
(k)
(M˜(X), Z˜{q}[p − q]) and let y ∈
Hom
D˜M
eff
(k)
(M˜(Y ), Z˜{q′}[p′ − q′]). The product y · f∗(x) is then of the form
(y ⊗ x) ◦ (1 ⊗ α) ◦∆Y , while f∗(f
∗y · x) is of the form (y ⊗ x) ◦ (f ⊗ 1) ◦∆X ◦ α.
The result then follows from Lemma 1.3. 
Remark 1.5. It would suffice to have a fixed isomorphism L⊗L ≃ ωf (for some line
bundle L on X) to get an orientation in the sense of [1, §2.2] and thus a finite MW-
correspondence α as above. We let the reader make the necessary modifications in
the arguments of both Lemma 1.3 and Theorem 1.4.
Remark 1.6. It follows from [2, Theorem 3.4.3] that the same formula holds for the
left module structure, i.e.
f∗(x) · y = f∗(x · f
∗y).
Example 1.7. As usual, it follows from the projection formula that the composite
f∗f
∗ is multiplication by f∗(〈1〉). Let us now compute f
∗f∗ in some situations that
will be used later. Let us start with the general situation, i.e. f : X → Y is a finite
surjective morphism and χ : OX → ωf an isomorphism. The composite f
∗f∗ is
given by precomposition with the correspondence f ◦α(f, χ) which we can compute
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using the diagram
X ×Y X
(1×1)
//
(1×1)

X ×X //
1×Γtf

X
Γtf

X ×X
Γf×1
//

X × Y ×X //

Y ×X //

X
X
Γf
// X × Y

// Y
X
where the non-labelled vertical arrows are projections on the first factor and the
non-labelled horizontal arrows are projections on the second factor. As usual, the
base change formula shows that the composite is equal to the projection on X ×X
of
(Γf × 1)∗(〈1〉) · (1 × Γ
t
f )∗(〈1〉).
In general the top left square is not transverse, and we can’t use the base-change
formula to compute the above product.
Suppose now that f : X → Y is finite and étale. In that case, we have a canonical
isomorphism f∗ωY ≃ ωX yielding a canonical choice for the isomorphism
χ : OX → ωf .
Moreover, X ×Y X decomposes as X ×Y X = X1 ⊔X2 ⊔ . . .⊔Xn where each term
Xi is finite and étale over X with "structural" morphism pi : Xi → X . In that
case, the above top right square is transverse and we see that
(Γf × 1)∗(〈1〉) · (1× Γ
t
f )∗(〈1〉) = (Γf × 1)∗(∆∗
∑
(pi)∗(〈1〉)).
where ∆ : X → X×X is the diagonal map. Thus the composite f ◦α(f, χ) is equal
to ∆∗
∑
(pi)∗(〈1〉). It follows immediately that we have a commutative diagram
Hp,qMW(X,Z)
∑
p∗i
//
f∗

⊕
iH
p,q
MW(Xi,Z)
∑
(pi)∗

Hp,qMW(Y,Z) f∗
// Hp,qMW(X,Z)
for any p, q ∈ Z.
Suppose next that char(k) = p, that X ⊂ Y × A1 is the set of zeroes of tp − a
for some global section a ∈ OY (Y ) (we still suppose that X is smooth over k). In
that case, we see that the reduced scheme of X×Y X is just X (but the former has
nilpotent elements) and it follows that f ◦ α(f, χ) is a correspondence supported
on the diagonal ∆(X) ⊂ X ×X . It follows that there is an element σ ∈ KMW0 (X)
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such that the following diagram commutes
K
MW
0 (X) //
·σ

C˜ork(X,X)
f◦α(f,χ)

K
MW
0 (X) // C˜ork(X,X)
where the horizontal arrows are induced by the push-forward map ∆∗ : K
MW
0 (X)→
C˜HdX∆(X)(X×X,ωX). Now, σ can be computed using the composite K
MW
0 (k(X))→
KMW0 (k(Y ))→ K
MW
0 (k(X)), where the first map is the push-forward (defined using
χ) and the second map the pull-back. It follows essentially from [3, Lemme 6.4.6]
that σ = pǫ.
1.4. The homomorphism. Let L/k be a finitely generated field extension. It fol-
lows from the definition of MW-motivic cohomology that Hp,qMW(L,Z) = 0 provided
p > q. The next step is then to identify Hp,pMW(L,Z). To this aim, we constructed
in [2, Theorem 4.2.2] a graded ring homomorphism
KMW∗ (L)→
⊕
n∈Z
Hn,nMW(L,Z)
which we now recall. For a ∈ L×, we can consider the corresponding morphism
a : Spec(L)→ Gm,k which defines a finite MW-correspondence Γa in C˜ork(L,Gm,k).
Now, we have a surjective homomorphism C˜ork(L,Gm,k)→ H
1,1
MW(L,Z) and we let
s([a]) be the image of Γa under this map. Next, consider the element
η[t] ∈ KMW0 (Gm,L) = C˜ork(Gm,L, k) = C˜ork(Gm,k×L, k) = Hom(c˜(Gm,k), c˜(k))(L).
We define s(η) to be its image under the projections
Hom(c˜(Gm,k), c˜(k))(L)→ Hom(Z˜{1}, c˜(k))(L)→ H
−1,−1
MW (L,Z).
The following theorem is proved in [2, Theorem 4.2.2] (using computations of [4,
§6]).
Theorem 1.8. The associations [a] 7→ s([a]) and η 7→ s(η) induce a homomorphism
of graded rings
ΦL : K
MW
∗ (L)→
⊕
n∈Z
Hn,nMW(L,Z).
By construction, the above homomorphism fits in a commutative diagram of
graded rings
KMW∗ (L)
ΦL
//

⊕
n∈ZH
n,n
MW(L,Z)

KM∗ (L) //
⊕
n∈ZH
n,n(L,Z)
where the vertical projections are respectively the natural map from Milnor-Witt
K-theory to Milnor K-theory and the ring homomorphism of the previous sec-
tion, and the bottom horizontal homomorphism is the map constructed by Totaro-
Nesterenko-Suslin.
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2. Main theorem
2.1. A left inverse. In this section, we construct for q ≥ 0 a left inverse to the
homomorphism ΦL of Section 1.4. By definition,
c˜(Gqm)(L) :=
⊕
x∈(Gqm,L)
(q)
C˜H
q
x(G
q
m,L, ωGqm).
Now, for any point x in (Gqm,L)
(q) with maximal ideal m, we have an exact sequence
m/m2 → ΩGqm,L/k → ΩL(x)/k → 0.
Using the fact that k is perfect and counting dimensions, we see that this sequence
is also exact on the left. We find an isomorphism
∧q(m/m2)∨ ⊗ ωGqm,L/k ≃ ωL(x)/k
Now, ωGqm,L/k ≃ p
∗
1ωGqm/k ⊗ p
∗
2ωL/k and it follows that
∧q(m/m2)∨ ⊗ ωGqm ≃ ωL(x)/k ⊗L ω
∨
L/k
yielding
c˜(Gqm)(L) =
⊕
x∈(Gqm,L)
(q)
KMW0 (L(x), ωL(x)/k ⊗L ω
∨
L/k).
Now any closed point x in (Gqm,L)
(q) can be identified with a q-uple (x1, . . . , xq) of
elements of L(x). For any such x, we define a homomorphism
fx : K
MW
0 (L(x), ωL(x)/k ⊗L ω
∨
L/k)→ K
MW
q (L)
by fx(α) = TrL(x)/L(α · [x1, . . . , xq]). We then obtain a homomorphism
f : c˜(Gqm)(L)→ K
MW
q (L)
which is easily seen to factor through (Z˜{q})(L) since [1] = 0 ∈ KMW1 (L).
We now check that this homomorphism vanishes on the image of (Z˜{q})(A1L)
in (Z˜{q})(L) under the boundary homomorphism. This will follow from the next
lemma.
Lemma 2.1. Let Z ∈ A(A1L,G
q
m). Let moreover p : G
q
m,L → Spec(L) and pA1L :
A1L × G
q
m → A
1
L be the projections and Zi := p
−1
A1L
(i) ∩ Z (endowed with its reduced
structure) for i = 0, 1. Let ji : Spec(L) → A
1
L be the inclusions in i = 0, 1 and let
gi : G
q
m,L → A
1
L ×G
q
m be the induced maps. Then the homomorphisms
p∗(gi)
∗ : C˜H
q
Z(A
1
L ×G
q
m, ωGqm)→ C˜H
q
Zi(G
q
m,L, ωGqm)→ K
MW
0 (L)
are equal.
Proof. For i = 0, 1, consider the Cartesian square
G
q
m,L
gi
//
p

A1L ×G
q
m,L
p
A1
L

Spec(L)
ji
// A1L
We have (ji)
∗(pA1L)∗ = p∗(gi)
∗ by base change. The claim follows from the fact
that (j0)
∗ = (j1)
∗ by homotopy invariance. 
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Proposition 2.2. The homomorphism f : c˜(Gqm)(L)→ K
MW
q (L) induces a homo-
morphism
θL : H
q,q
MW(L,Z)→ K
MW
q (L)
for any q ≥ 1.
Proof. Observe that the group Hq,qMW(L,Z) is the cokernel of the homomorphism
∂0 − ∂1 : Z˜{q}(A
1
L)→ Z˜{q}(L)
It follows from [1, Example 4.16] that ∂i : c˜(G
q
m)(A
1
L) → c˜(G
q
m)(L) is induced by
g∗i . We can use the above lemma to conclude. 
Corollary 2.3. The homomorphism
ΦL :
⊕
n∈Z
KMWn (L)→
⊕
n∈Z
Hn,nMW(L,Z).
is split injective.
Proof. It suffices to check that θLΦL = id, which is straightforward. 
The following result will play a role in the proof of the main theorem.
Proposition 2.4. Let n ∈ Z and let F/L be a finite field extension. Then, the
following diagram commutes
Hn,nMW(F,Z)
TrF/L

θF
// KMWn (F )
TrF/L

Hn,nMW(L,Z) θL
// KMWn (L).
Proof. Let X be a smooth connected scheme and let β ∈ C˜ork(X,G
×n
m ) be a finite
MW-correspondence with support T (see [1, Definition 4.7] for the notion of sup-
port). Each connected component Ti of T has a fraction field k(Ti) which is a finite
extension of k(X) and, arguing as in the beginning of Section 2.1, we find that β
can be seen as an element of⊕
i
KMW0 (k(Ti), ωk(Ti)/k ⊗ ω
∨
k(X)/k)
Now, the morphism Ti ⊂ X×G
×n
m → G
×n
m gives invertible global sections a1, . . . , an
and we define a map
θX : C˜ork(X,G
×n
m )→ K
MW
n (k(X))
by β 7→
∑
Trk(Ti)/k(X)(βi[a1, . . . , an]), where βi is the component of β in the group
KMW0 (k(Ti), ωk(Ti)/k(X)). This map is easily seen to be a homomorphism, and its
limit at k(X) is the morphism defined at the beginning of Section 2.1.
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Let now X and Y be smooth connected schemes over k, f : X → Y be a
finite morphism and χ : OX → ωf be an isomorphism inducing a finite MW-
correspondence α(f, χ) : Y → X as in Section 1.3. We claim that the diagram
C˜ork(X,G
×n
m )
θX
//
◦α(f,χ)

KMWn (k(X))
Trk(X)/k(Y )

C˜ork(Y,G
×n
m ) θY
// KMWn (k(Y )),
where the right arrow is obtained using χ, commutes. If β is as above, we have
Trk(X)/k(Y )(θX(β)) =
∑
Trk(X)/k(Y )(Trk(Ti)/k(X)(βi[a1, . . . , an]))
and the latter is equal to
∑
Trk(Ti)/k(Y )(βi[a1, . . . , an]) by functoriality of the trans-
fers. On the other hand, the isomorphism χ : OX → ωf can be seen as an element
in KMW0 (X,ωf ), yielding an element of K
MW
0 (k(X), ωf ) that we still denote by χ.
The image of β ◦ α(f, χ) can be seen as the element β · χ of⊕
i
KMW0 (k(Ti), ωk(Ti)/k(Y ))
where we have used the isomorphism
ωk(Ti)/k(X) ⊗ ωf = ωk(Ti)/k(X) ⊗ ωk(X)/k(Y ) ≃ ωk(Ti)/k(Y ).
It is now clear that θY (β ◦ α(f, χ)) =
∑
Trk(Ti)/k(Y )(βi[a1, . . . , an]) and the result
follows. 
2.2. Proof of the main theorem. In this section we prove our main theorem,
namely that the homomorphism
ΦL :
⊕
n∈Z
KMWn (L)→
⊕
n∈Z
Hn,nMW(L,Z)
is an isomorphism. We first observe that ΦL is an isomorphism in degrees ≤ 0.
In degree 0, we indeed know from [1, §6] that both sides are KMW0 (L). Next, [4,
Lemma 6.0.1] yields
ΦL(〈a〉) = ΦL(1 + η[a]) = 1 + s(η)s(a) = 〈a〉.
It follows ΦL is a homomorphism of graded K
MW
0 (L)-algebras and the result in
degrees < 0 follows then from the fact that Hp,pMW(L,Z) = W (L) = K
MW
−p (L) by [1,
§6] and [2, Proposition 4.1.2].
We now prove the result in positive degrees, starting with n = 1. Recall that we
know from Corollary 2.3 that ΦL is split injective, and that it therefore suffices to
prove that it is surjective to conclude.
For any d, n ≥ 1 and any field extension L/k letM
(d)
n (L) ⊂ C˜ork(L,G
×n
m ) be the
subgroup of correspondences whose support is a finite union of field extensions E/L
of degree ≤ d (see [1, Definition 4.7] for the notion of support of a correspondence).
Let Hn,nMW(L,Z)
(d) ⊂ Hn,nMW(L,Z) be the image of M
(d)
n (L) under the surjective
homomorphism
C˜ork(L,G
×n
m )→ H
n,n
MW(L,Z).
Observe that
Hn,nMW(L,Z)
(d) ⊂ Hn,nMW(L,Z)
(d+1) and Hn,nMW(L,Z) = ∪d∈NH
n,n
MW(L,Z)
(d).
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Lemma 2.5. The subgroup Hn,nMW(L,Z)
(1) ⊂ Hn,nMW(L,Z) is the image of the homo-
morphism
ΦL : K
MW
n (L)→ H
n,n
MW(L,Z).
Proof. By definition, observe that the homomorphism KMWn (L)→ H
n,n
MW(L,Z) fac-
tors through Hn,nMW(L,Z)
(1). Let then α ∈ Hn,nMW(L,Z)
(1). We may suppose that
α is the image under the homomorphism C˜ork(L,G
×n
m ) → H
n,n
MW(L,Z) of a corre-
spondence a supported on a field extension E/L of degree 1, i.e. E = L. It follows
that a is determined by a form φ ∈ KMW0 (L) and a n-uple a1, . . . , an of elements
of L. This is precisely the image of ΦL(φ · [a1, . . . , an]) under the homomorphism
KMWn (L)→ H
n,n
MW(L,Z). 
Proposition 2.6. For any d ≥ 2, we have H1,1MW(L,Z)
(d) ⊂ H1,1MW(L,Z)
(d−1).
Proof. By definition, H1,1MW(L,Z)
(d) is generated by correspondences whose supports
are field extensions E/L of degree at most d. Such correspondences are determined
by an element a ∈ E× given by the composite Spec(E) → Gm,L → Gm together
with a form φ ∈ KMW0 (E,ωE/L) given by the isomorphism
KMW0 (E,ωE/L)→ C˜H
1
Spec(E)(Gm,L, ωGm,L/L).
We denote this correspondence by the pair (a, φ). Recall from [1, Lemma 2.4]
that there is a canonical orientation ξ of ωE/L and thus a canonical element χ ∈
C˜ork(Spec(L), Spec(E)) yielding the transfer map
TrE/L : C˜ork(Spec(E),Gm)→ C˜ork(Spec(L),Gm)
which is just the composition with χ ([1, Example 4.17]). Now φ = ψ · ξ for
ψ ∈ KMW0 (E), and it is straightforward to check that the Chow-Witt correspon-
dence (a, ψ) in C˜ork(Spec(E),Gm) determined by a ∈ E
× and ψ ∈ KMW0 (E) sat-
isfies TrE/L(a, ψ) = (a, φ). Now (a, ψ) ∈ H
1,1
MW(E,Z)
(1) and therefore belongs
to the image of the homomorphism KMW1 (E) → H
1,1
MW(E,Z). There exists thus
a1, . . . , an, b1, . . . , bm ∈ E
× (possibly equal) such that (a, ψ) =
∑
s(ai) −
∑
s(bj).
To prove the lemma, it suffices then to show that TrE/L(s(b)) ∈ H
1,1
MW(L,Z)
(d−1)
for any b ∈ E×.
Let thus b ∈ E×. By definition, s(b) ∈ H1,1(E, Z˜) is the class of the correspon-
dence γ˜(b) associated to the morphism of schemes Spec(E) → Gm corresponding
to b. If F (b) ⊂ E is a proper subfield, we see that TrE/L(s(b)) ∈ H
1,1(F, Z˜)(d−1),
and we may thus suppose that the minimal polynomial p of b over F is of degree
d. By definition, TrE/L(s(b)) is then represented by the correspondence associated
to the pair (b, 〈1〉 · ξ). Consider the total residue homomorphism (twisted by the
vector space ωF [t]/k ⊗ ω
∨
F/k)
(1)
∂ : KMW1 (F (t), ωF (t)/k⊗ω
∨
F/k)→
⊕
x∈G
(1)
m,F
KMW0 (F (x), (mx/m
2
x)
∨⊗F [t]ωF [t]/k⊗ω
∨
F/k)
where mx is the maximal ideal corresponding to x. Before working further with
this homomorphism, we first identify (mx/m
2
x)
∨ ⊗F [t] ωF [t]/k ⊗ ω
∨
F/k. Consider the
canonical exact sequence of F (x)-vector spaces
mx/m
2
x → ΩF [t]/k ⊗F [t] F (x)→ ΩF (x)/k → 0.
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A comparison of the dimensions shows that the sequence is also left exact (use the
fact that F (x) is the localization of a smooth scheme of dimension d over the perfect
field k), and we thus get a canonical isomorphism
ωF [t]/k ⊗F [t] F (x) ≃ mx/m
2
x ⊗F (x) ωF (x)/k.
It follows that
(mx/m
2
x)
∨ ⊗F [t] ωF [t]/k ⊗ ω
∨
F/k ≃ ωF (x)/k ⊗F ω
∨
F/k.
We can thus rewrite the residue homomorphism (1) as a homomorphism
∂ : KMW1 (F (t), ωF (t)/k ⊗ ω
∨
F/k)→
⊕
x∈(A1F \0)
(1)
KMW0 (F (x), ωF (x)/k ⊗F ω
∨
F/k)
Moreover, an easy dimension count shows that the canonical exact sequence
ΩF/k ⊗ F [t]→ ΩF [t]/k → ΩF [t]/F → 0
is also exact on the left, yielding a canonical isomorphism ωF (t)/k ≃ ωF/k⊗ωF (t)/F
and thus a canonical isomorphism ω∨F/k ⊗ ωF (t)/k ≃ ωF (t)/F . If n is the transcen-
dance degree of F over k, we see that the canonical isomorphism
ω∨F/k ⊗ ωF (t)/k ≃ ωF (t)/k ⊗ ω
∨
F/k
is equal to (−1)n(n+1)-times the switch isomorphism, i.e. is equal to the switch
isomorphism. Altogether, the residue homomorphism reads as
∂ : KMW1 (F (t), ωF (t)/F )→
⊕
x∈(A1F\0)
(1)
KMW0 (F (x), ωF (x)/k ⊗F ω
∨
F/k).
Let now p(t) ∈ F [t] be the minimal polynomial of b over F . Following [7,
Definition 4.26] (or [1, §2]), write p(t) = p0(t
lm) with p0 separable and set ω =
p′0(t
lm) ∈ F [t] if char(k) = l. If char(k) = 0, set ω = p′(t). It is easy to see that the
element 〈ω〉[p] · dt of KMW1 (F (t), ωF (t)/F ) ramifies in b ∈ G
(1)
m,F and on (possibly)
other points corresponding to field extensions of degree ≤ d − 1. Moreover, the
residue at b is exactly 〈1〉 · ξ, where ξ is the canonical orientation of ωF (b)/F .
Write the minimal polynomial p(t) ∈ F [t] of b as p =
∑d
i=0 λit
i with λd = 1
and λ0 ∈ F
×, and decompose ω = c
∏n
j=1 q
mj
j , where c ∈ F
× and qj ∈ F [t] are
irreducible monic polynomials. Let f = (t−1)d−1(t−(−1)dλ0) ∈ F [t]. Observe that
f is monic and satisfies f(0) = p(0). Let F (u, t) = (1−u)p+uf . Since f and p are
monic and have the same constant terms, it follows that F (u, t) = td+ . . .+λ0 and
therefore F defines an element of A(A1F ,Gm). For the same reason, every qj (seen
as a polynomial in F [u, t] constant in u) defines an element in A(A1F ,Gm). The
image of 〈ω〉[F ] · dt ∈ KMW1 (F (u, t), ωF (u,t)/F (u)) under the residue homomorphism
∂ : KMW1 (F (u, t), ωF (u,t)/F (u))→
⊕
x∈(A1F×kGm)
(1)
KMW0 (F (x), (mx/m
2
x)
∨⊗F [t]ωF [u,t]/F [u])
is supported on the vanishing locus of F and the gj, and it follows that it defines a
finite Chow-Witt correspondence α in C˜ork(A
1
F ,Gm). The evaluation α(0) of α at
u = 0 consists from 〈1〉 · ξ and correspondences supported on the vanishing locus
of the qj , while α(1) is supported on the vanishing locus of f and the qj . The class
of 〈1〉 · ξ is then an element of H1,1MW(L,Z)
(d−1). 
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Corollary 2.7. The homomorphism
ΦL : K
MW
1 (L)→ H
1,1
MW(F,Z)
is an isomorphism for any finitely generated field extension F/k.
Proof. We know that the homomorphism is (split) injective. The above proposition
shows that H1,1MW(F,Z) = H
1,1
MW(F,Z)
(1) and the latter is the image of KMW1 (L)
under ΦL. It follows that ΦL is surjective. 
We can now prove that θ respects transfers following [6, Lemma 5.11] and [8,
Lemma 9.5].
Theorem 2.8. Let n ∈ N and let F/L be a finite field extension. Then the following
diagram commutes
KMWn (F )
ΦF
//
TrF/L

Hn,nMW(F,Z)
TrF/L

KMWn (L) ΦL
// Hn,nMW(L,Z).
Proof. First, we know from Proposition 2.4 that the diagram
Hn,nMW(F,Z)
TrF/L

θF
// KMWn (F )
TrF/L

Hn,nMW(L,Z) θL
// KMWn (L).
commutes. If ΦF and ΦL are isomorphisms, it follows from Corollary 2.3 that θF
and θL are their inverses and thus that the diagram
KMWn (F )
ΦF
//
TrF/L

Hn,nMW(F,Z)
TrF/L

KMWn (L) ΦL
// Hn,nMW(L,Z).
also commutes. We may then suppose, using Corollary 2.7 that n ≥ 2. Additionally,
we may suppose that [F : L] = p for some prime number p. Following [6, Lemma
5.11], we first assume that L has no field extensions of degree prime to p. In that
case, it follows from [7, Lemma 3.25] that KMWn (F ) is generated by elements of the
form ηm[a1, a2, . . . , an+m] with a1 ∈ F
× and ai ∈ L
× for i ≥ 2. We conclude from
the projection formula 1.4, its analogue in Milnor-Witt K-theory and the fact that
Φ is a ring homomorphism that the result holds in that case.
Let’s now go back to the general case, i.e. [F : L] = p without further assump-
tions. Let L′ be the maximal prime-to-p field extension of L. Let α ∈ Hn,nMW(L,Z)
be such that its pull-back to Hn,nMW(L
′,Z) vanishes. It follows then that there exists
a finite field extension E/L of degree m prime to p such that the pull-back of α to
Hn,nMW(E,Z) is trivial. Let f : Spec(E)→ Spec(L) be the corresponding morphism.
For any unit b ∈ E×, we have 〈b〉 · f∗(α) = 0 and it follows from the projection
formula once again that f∗(〈b〉 · f
∗(α)) = f∗(〈b〉) · α = 0. We claim that there is
a unit b ∈ E× such that f∗(〈b〉) = mǫ. Indeed, we can consider the factorization
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L ⊂ F sep ⊂ E where F sep is the separable closure of L in E and the extension
F sep ⊂ E is purely inseparable. If the claim holds for each extension, then it holds
for L ⊂ E. We may thus suppose that the extension is either separable or purely
inseparable. In the first case, the claim follows from [9, Lemme 2] while the second
case follows from [3, Théorème 6.4.13]. Thus, for any α ∈ Hn,nMW(L,Z) vanishing in
Hn,nMW(L
′,Z) there exists m prime to l such that mǫα = 0.
Let now α ∈ KMWn (F ) and t(α) = (TrF/L ◦ ΦF − ΦL ◦ TrF/L)(α) ∈ H
n,n
MW(L,Z).
Pulling back to L′ and using the previous case, we find that mǫt(α) = 0. On the
other hand, the above arguments show that if the pull-back of t(α) to F is trivial,
then pǫt(α) = 0 and thus t(α) = 0 as (p,m) = 1. Thus, we are reduced to show
that f∗(t(α)) = 0 where f : Spec(F )→ Spec(L) is the morphism corresponding to
L ⊂ F .
Suppose first that F/L is purely inseparable. In that case, we know from Ex-
ample 1.7 that f∗f∗ : H
n,n
MW(F,Z)→ H
n,n
MW(F,Z) is multiplication by pǫ. The same
property holds for Milnor-WittK-theory. This is easily checked using the definition
of the transfer, or alternatively using Proposition 2.4, the fact that θF is surjective
and Example 1.7. Altogether, we see that f∗t(α) = pǫΦF (α) − ΦF (pǫ · α) and
therefore f∗t(α) = 0 since ΦF is K
MW
0 (F )-linear.
Suppose next that F/L is separable. In that case, we have F ⊗L F =
∏
i Fi for
field extensions Fi/F of degree ≤ p− 1. We claim that the diagrams
KMWn (F )
TrF/L

// ⊕iK
MW
n (Fi)
∑
TrFi/F

KMWn (L)
// KMWn (F )
and
Hn,nMW(F,Z)
TrF/L

// ⊕iH
n,n
MW(Fi,Z)
∑
TrFi/F

Hn,nMW(L,Z)
// Hn,nMW(F,Z)
commute. The second one follows from Example 1.7 and the first one from [8,
Lemma 9.4] (or alternatively from Proposition 2.4, the fact that θF is surjective
and Example 1.7). By induction, each of the diagrams
KMWn (Fi)
ΦFi
//
TrFi/F

Hn,nMW(Fi,Z)
TrFi/F

KMWn (F ) ΦF
// Hn,nMW(F,Z).
commute, and it follows that f∗(t(α)) = 0. 
Theorem 2.9. The homomorphism
ΦL : K
MW
n (L)→ H
n,n
MW(L,Z)
is an isomorphism for any n ∈ Z and any finitely generated field extension L/k.
Proof. As in degree 1, it suffices to prove that ΦL is surjective. Let then α ∈
C˜ork(L,G
n
m) be a finite Chow-Witt correspondence supported on Spec(F ) ⊂ (A
1
L)
n.
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Such a correspondence is determined by an n-uple (a1, . . . , an) ∈ (F
×)n together
with a bilinear form φ ∈ GW(F, ωF/L). Arguing as in Proposition 2.6, we see
that such a finite MW-correspondence is of the form TrF/L(ΦF (β)) for some β ∈
KMWn (F ). The result now follows from Theorem 2.8. 
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